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LETTER TO THE EDITOR 

Canonical decoupling of different degrees of freedom for a 
two-level system coupled to phonons 

G Benivegna and A Messina 
Istitum di Fisica WUniversith degli studi di Memo. G ~ p p  Nazionale del CNR and 
b h u  Inlemniversirario di S " u a  della Materia del Murst. via Archirali 36,90123 
Palmlo, Italy 

Received 14 April 1994 

Abstract We wnsider the quantum d e l  of a two-level system linearly coupled to M h o n i c  
oscillators. Using symmetry arguments we show the existence of new conslants of motion for 
this physical system. Starting with this knowledge, we develop a systematic treatment by which 
an effective canonical decoupling of different degrees of freedom is obtained. 

The problem of diagonalization of the Hamiltonian model 

M 

HSB = ~ [ h O k & k  + E.k(clk + ai)Ux] + !$WJz 
k=1 

which is a finitely many modes version of the well known spin-boson Hamiltonian model, 
is of current interest in many areas of physics. HSB describes the linear coupling between 
a two-level object and a M-mode bosonic field. The two-level system is represented, as 
usual, by Pauli operators U=, uy, U,; ak and a: are the Bose operators for the kth quantized 
field mode with frequency OX and fulfil canonical commutation relations: 

[ah a&?] = 0 [ah ai1 = sw. (2) 

The spin-boson Hamiltonian is one of the few Hamiltonian models describing the coupling 
of small systems to its environment [I]. It arises in various contexts as a description of 
quanhun tunnelling of a macrosystem between two minima of a double well potential [2], 
the coupling of an isolated defect in a crystal to phonons [3], or the coupling of a molecule 
to the radiation field [41. 

The aim of this letter is twofold (a) to provide evidence of the existence of some 
symmetry properties of Hss connected to new constants of motion; @) to show the way 
to take advantage of this knowledge to make relatively simpler the search of eigenstates 
and eigenvalues of Hsa. For simplicity we take M = 2, pointing out, however, that all the 
conclusions achieved in this case can be generalized to the case M > 2. Thus Hse assumes 
the form 

HSB = hwl@,al + h@Z(YZUZ + EI(aI + Ui)Ux + Ez(Q"2 + U$Yx + jfiO.klUz. (3) 
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It is immediately verified that the canonical transformation which changes the sign of q, 
ut, uz, U:, 0;. u7, leaving uz unmodified, is a symmetry transformation for HSB t5-61. A 
unitary operator G that accomplishes such a transformation may be taken in the form [6] 

(4) G = exp(in[N + $uZ + 3 )  = - u ~  W S H N  = G+ 

N = ai,, + C U , ~ ~ .  t 

where 

(5) 

This is easily seen considering the anticommutation properties of the Pauli operators and 
the fact that the operator c o s ( r r ~ )  anticommute with the four operators q, U!, cuz, ut 

Of course [&, GI = 0, that is G is a constant of motion. In addition G is a Hemutian 
operator whose eigenvalues are only +I and -1. These properties suggest looking for a 
unitary operator T such that TtGT = -uz. In this way, submitting HSS to the canonical 
transformation realized by T, we get a new Hamiltonian operator which commutes with 
uz and therefore can depend on the pseudo-spin variables only through uz if we take into 
acwunt that the Casimir operator for the group SU(2) is a multiple of the unit operator. 
As a consequence pseudo-spin and bosonic variables can be easily and exactly separated in 
the diagonalization problem of the transformed Hamiltonian. It has been shown [6] that T 
may be chosen inside a class of unitary operators, a representant of which is 

2: . 

(6) t t 72 T = exp [ -iz(ux - ~)(a,al +a2a2)}. 

Observing that 

~ = c o s ~ ( ~ ~ ) + u ~ s i n ~ ( - ~ )  H H = T I  
2 

we easily get 

T ~ G T  = -U T ~ T  = aiuz with i = 1.2 (8) 

and 

HB = fiala1al + fiWcr,Crz + EI(?I +CY!) + Ez(U2 +U:) + i f iWo COS(HN)Uz. 

The form assumed by HB enables the exact decoupling of the pseudo-spin variables from 
the bosonic ones simply regarding uz as a c-number, coincident with anyone between its 
two eigenvalues. Let us note, in addition, the nonlinear coupling between the two new 
field modes arising from the wmmon interaction of the two old modes with the two-level 
system. 

The knowledge of the constant of motion G, connected to a particular symmetry property 
of Hm, plays a central role in the possibility of obtaining the purely bosonic Hamiltonian 
HB. We are therefore led in a natural way to wonder whether an analogous decoupling of the 
two bosonic modes is feasible, with the help of a treatment based once more on symmetry 
arguments. The presence of the operator cos(zN) in HB makes it very difficult to guess 
the structure of an eventual canonical transformation of the field operators which leaves HB 
invariant, without introducing appropriate restrictive relations involving the characteristic 
parameters of the physical system appearing in H~B. If, however, we confine ourselves to 

(9) t t 
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the particular non-trivial case of Einstein bosons putting 01 = 02 = o, we may overcome 
the difficulty related to the cos-operator looking. from the beginning, for a symmetry 
transformation of HB in the class of the canonical transformations which do not modify 
N. ' Ibis last requirement is easily satisfied choosing the following oneparameter family of 
canonical transformations 

where I9 has to be fixed, if possible, in such a way that 

(11) 

This condition is guaranted by demanding that the linear terms in (9) be invariant under 
the transformation (10). We have 

HB(&LI.&,C~~.~) HB(aI,aZ,'Zi,C+). t t  

(12) & I ( &  + 6 r ) + E z ( c % + t i ; )  =i.(a1 +u,)+zZ(az+~af) t 

where 

It is immediately verified that the conditions E1 = €1 and 4 = EZ may be simultaneously 
satisfied, in a non-trivial way, if 

Thus we arrive at the conclusion that the canonical hasfonnation 

is a symmetry transformation for HB provided that W I  = w = o. We are now in a position 
to follow the same idea as in the reduction of HsB to HB. Therefore we try to generate 
the canonical transformation expressed by (15) with the help of a suitable unitary operator. 
Noting that both 51 and 6 2  are linear combinations of 011 and az, it appears reasonable to 
Write such a unitary operator as V = exp(-iqK) where q is a real number while K is a 
Hermitian operator having the form 

(16) 

with Q, Qz and A adimensional real and positive coefficients to be determined. Instead of 
attempting a direct evaluation of Vtcq V and VtazV using the Baker-Hausdorff lemma, we 
introduce an auxiliary unitary operator defined as 

K = s Z I l Y ~ r U l +  a2a;az + h(or,az t + ala$ 

(17) s = exp w(a,wz t -up$ 
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with w real parameter to be determhed conveniently. 
It is straightforward to derive S t q S  and Stcf2S obtaining 

~ t a , ~  = a1 cos w + a2sin w 
a2S = -a1 sin w + cuz cos w. 

In passing, it is worthwhile underlining that the transformation (18) on the one hand cannot 
be obtained from (10) and on the other hand becomes a symmetry transformation of HB 
if and only if w is a multiple of 2n. We may appreciate the advantage of introducing S 
evaluating f = S ~ K S .  w e  easily get 

(19) f = sl,,!,, + n2a;a2 + i(cf!a2 +ala;) 

where 

81 = Ql cos2 w + '&sin2w - Asin2w 
= Ql sin'w + C2~cos2 w.+ Asin2.w I- A = $21 - S22) sin2w fAcos2w. 

It is not dficult to convince oneself that the conditions: 

may be simultaneously satisfied provided that 

with Q1 + Q2. We still have two free parameters which may be conveniently fixed so that 
V generates the canonical transformation (10). To this end we now evaluate the expression 
of both V t a ,  V and VtazV: 

~ t a 1  v = S(Ste'nKS)(StalS)(S+e-inKS)St 
t 

= ~e'n+~(a,  cos w + a2 sinw)e-'na+2$ 
= ~ ( a ,  cos w + aze+ sin w ) ~ t  
= (cos* w + sin2w)wI - 4 sinZw(1- e-in)az. (23) 

Proceeding in the same way yields: 

V ~ U ~ V  = 4 sinZw(e"q - I ) U ~  + (e+ CO? w + sin2w)cuz. (24 
From a comparison between (23) and (24) with (14) we easily derive that the operational 
equations V t a ,  V = 81 and VtazV = Q may be simultaneously satisfied provided that 

(25) 
&: - &2' - a 1 8 2  

&f 4- &f sf+4 q = n  cos2w = - sin2w = - 
and that such conditions are compatible with those expressed by (21). This last prescription 
determines QI , QZ and A in terms of 81 and 82 
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We have thus completed the construction of the unitary operator generating the symmetry 
transformation (14) of HB. It has the form 

and of course is a constant of motion. This operator, although Hermitian, possesses a finite 
spectrum so that to cany our decoupling project further we must eventually look for a mare 
appropriate Hermitian constant of motion implicitly embodied in V. It is useful for this 
scope to reconsider the canonical transformation (23) and (24) in order to show that it is 
possible to derive that 

(28) 

for any value of the real parameter q.  provided only that conditions (26) are satisfied. This 
mathematically means that the operator 

i t  HB(al,aZ,ay1,(12)= VtHBV 

commutes with HB for any q.  and this property is a necessary and sufficient condition to 
assert that the Hermitian operator 

is a constant of motion for HB as well as for Hss if we consider that T t K T  = K. Its 
eigenvalues are all non-negative integers because we know from (21) that it is unitarily 
equivalent to &. This amounts to saying that, if we timsform HB in accordance with 
(18) choosing w = -tan-'(eZ&;I) so that S t K S  = a.$&, the operator S ~ H B S  = H 
has to commute with a:az. Therefore, noting &at S co&utes with cos(nN) = 
cos(na~al )  c o ~ ( n a & ~ )  as well as with atal. a;a2. we may easily guess that 

(31) t i t  [~'[EI (011 4- 011) + Ez(W 4- @Is, ~ p z 1  = 0. 

In addition, the linearity of the canonical transformation accomplished by S enables us to 
come to the conclusion that H cannot present any linear dependence on the operatom a2 
and a;. We get an immediate confirmation of this fazt from the following easily evaluated 
relation 

(32) S t [EI(~I + a t ) + E z ( a z + a ~ ) l S = E p f f ( ( Y i  i +at) 

where 

We may thus write down the explicit exprekion of H = S"HBS: 

H = fiO(ap] t +a2aZ) t +&&(U, +a;) + %Tz cos(na,al) t cos(ncr,cuz). i 
2 

(33) 

(34) 
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In this way we succeed in obtaining a transformed Hamiltonian where the two new bosonic 
modes can be. decoupled and the diagonalization problem is exactly reduced, in each 
subspace where &z has a well defined value, to an effective single mode problem. 

We wish to conclude by pointing out that the approach followed in this letter to obtain 
H from HSB is extensible, without too many difficulties, to the case of M degenerate modes. 
For this model, in fact, besides the new constant of motion (30). we are able to construct, 
following iteratively the same procedure used in this letter, M - 1 independent similar new 
constants of motion. More generally we believe that the systematic decoupling procedure 
outlined in this letter may be useful to investigate other Hamiltonian models as, for instance 
in quantum optics, some generalized Jaynes-Cummings models [7]. 

In conclusion, we have illustrated, in connection with a Hamiltonian model extensively 
present in the literature, a treatment by which new symmetry properties of the model caa 
be effectively used to reduce a difficult diagonalization problem to a simple one. 
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